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Learn more at US Particle Accelerator School (USPAS)

Free Recorded Classes:

-EricPrebys6 onl i ne cour se:
rFundamentals of Accelerator Physicso
-Huang & |1 6s online cour se:

fMVlechanics & Electromagnetism for Accelerator Physicso

Textbook:
MN Introduction to the Physics of High Enerqgy Acceleratorso
Syphers and Edwards

Sign up for Live USPAS classes: website

- Two-week full-time sessions every June and January.

- Equivalent to graduate-level college-semester course!

- January 2023 session will be back to in-person (deadline Sept 15)

| took many USPAS classes as a graduate student, and now | regularly
teach at USPAS.
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https://eprebys.faculty.ucdavis.edu/accelerator-physics-fundamentals-online-course/
https://uspas.fnal.gov/materials/21onlinetamu/TAMU-CMEM.shtml
https://www.amazon.com/Introduction-Physics-High-Energy-Accelerators/dp/0471551635
https://uspas.fnal.gov/programs/current-program/index.shtml

Simplified Particle Accelerator
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Dipole Magnets
for Bending
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Maximum Dipole Field -> Maximum Proton Energy

Lorentz Force:

—

F=eE+7 x B)

Bending Radius in a constant dipole field:

P <«—— particle momentum

Bp=—~
/ P /e +—— particle charge
Dipole field \

Bending radius
ABeam r i gindnitsof m B
Bp [Tm] = 3.3357p [GeV/c]

Total bending for aring is always 2" :

27TP — Ldipole total
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Maximum Proton Energy 1 LHC Example

The LHC has 1232 dipoles, each 15m long but effectively 14.3m long.

- 18.5 km of the 26.7 km circumference is dipole magnet.

-We say fAicircumferenceo ev-sdedpogonugh t he
- 1232*14.3/2" = 2800 m magnetic bending radius } .

For a dipole field B of 7.7 T, we can calculate the equivalent energy:
- 2800*7.7 / 3.3357 = 6,500 GeV/c proton
- 6.5 TeV per beam

- 13 TeV colliding energy

To go to higher energy:

- dig a longer tunnel

- and/or build a better dipole magnet:
- superconductors have a critical
temp, critical field, critical current.
- manufacturing and reliability
are part of dipole design as well.
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LHC Superconducting Dipoles
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Radiation Loss -> Maximum Electron Energy

Circular electron colliders are limited instead by radiation.
Any relativistic charged particle will give off synchrotron radiation.

The magnitude of radiation is usually negligible in hadron machines, but is a

dominant feature of electron machines. qz c ﬁ4’}/4 Relativistic b ofactors

/'P: 2
67‘(’60 P~ «—— Bending radius

Power radiated I

Physical constants

The maximum acceleration rate sets the maximum power loss.
For x2 the energy, the same power loss occurs at x4 the bending radius.

J€ :
3¢ Fermilab
8 J. Eldred Transverse Dynamics Accelerators 8/4/2025



Power Radiated from Accelerating Charge

Power Radiated (per particle):

= e mzsf
= (0.29 eV /5] -

2. pd.A 4
p=1L° 5 = [4.6e-20 J mz/s]l
6meg  p? P

Energy Loss per revolution (per particle):

2 o4, 4 4 4
dB = 5 1970.98 5 m] L = [6.0e-9 oV m]]
3€0 P p p
Critical Frequency: N
05 -
3 B i
We = 367 0.4F .
2p : :
vy 03[ 1
0.2f— —f
01 :
0'05 ‘ | \ | I;
0 — 1 2 | 3 | 4 5
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RF Cauvities
for Acceleration
(and Synchronization)
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RF Accelerating Cavity

We use resonating radiofrequency (RF) cavities to efficiently trap an
electromagnetic wave which accelerates the beam.
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Change in Momentum

Fractional Momentum:; 5=" ; &
0
RF Acc. Per Pass: AE = qV sin(¢)

Change Momentum per unit time:

. P E AFE n%
0= — = — Jrev — Jrev
p - BPE BRI RE,

sin(¢)

Sinesoidal potential:

£& Fermilab
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Phase-Slip Factor d

The arrival time of the particle depends on the momentum:

p o pO T _ TT“E’U 1 8T
— =0 —0 = nd
Po Trev i Trev ) "

)=

Higher momentum particles may arrive earlier or later than lower

momentum particles:
Momentum compaction factor:

L 10C 1 [ D(s)
-2 where, o, = = Efg ds

1 9T 18C 198 1
7 C o P

"= Twds C05 B 2

We can write the change in phase per unit time using the phase-

slip factor:
: AT AT
(b — fTEUA¢ — 27Tf?"€’v_ — 27Tf’r‘evh_ — QTrf'revhn(S
T’Ff Trev
frf - hf?"ev
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Longitudinal Focusing

v
(rb - 27Tf?“evh775 5 = fre'u BQQEU Slﬂ(qﬁ)
; qV
¢ =2mf? 52E, hn sin(¢)
H
n<0:¢=—w?sin(¢) Synchrotron Tune
n>0: (J5 — —w? sin(¢ + ) oy = 2 fo M
271'/62E0
A TR
Z - —N
| N 4
| \I i a ~ 44— RT voliage
| |
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RF Acceleration

A fixed frequency beam longitudinally focuses the beam into a
sever al beam Abuncheso i n indivi

Particles in the bucket can be accelerated by adiabatically
changing the RF frequency, the other particles are lost.

- . :\ = I - SEparatnx
| N Y /‘/—RF voltage BL_I: I( E-t ,/“‘”\"' //
' T 7

AE A : : i{%{;{'}ﬁ' .
o B L i N lost “‘r / >

bl & :/,._\: \4\— RF :ckcl parti'?:Tes "’/

- i \“—"’/I e e At
i . Bunch % ﬁ:- @5

0 = frev%[Sin(ﬁb) - Sin((bs)]a (b = 27 frevhno
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Phase-Focusing & Acceleration

Accelerating

Deccelerating

Vsin(d,)
%
—
N <0: Focusing Defocusing
n > 0: Defocusing Focusing
n<0:¢=—wsin(g)
§ = freoVslsin() — sin(es)], ¢ = 27 frenhnd n>0:¢=—wisin(¢+m)
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Phase-space at Transition

Accelerating
Deccelerating
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Longi tudi nal
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Bunch Rotation is Critical for Muon Collider
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Superconducting RF R&D

S. Posen, 2018
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Quadrupole Magets
for Transverse Focusing
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Luminosity

Luminosity is proportional to the number of particle interactions in

colliding beams, which (to lowest order) is given by:

Particles per bunch \

Luminosity =——> [ =~

471'055 Oy <—— Horz, Vert beam sizes

N1 N5 fny «<— Rate of bunch crossing

Luminosity benefits from achieving the highest possible particle density
In the beams, transversely and longitudinally.

Luminosity typically degrades over time.

A

o)

CMS

Luminosity [{g
BN W H U

—
20 3
Time [h]
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Quadrupole Magnets for Transverse Focusing

Quadrupole Magnet: Linear Restoring Force:

Current

Field strength

transverse
position
-

T~

center of magnel

Alternating Focusing Magnets:
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Harmonic Oscillator

Hamiltonian: H_-74+U = %m;ﬁ + %muﬂ

Equations of motion:
mx = —kzx

P = —wr

(1) = Acos(wt + &) X(£ ) /S
)

T
t(t) = —wAsin(wt + ¢)

Phase-space diagram: X L+)

JE H
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Harmonic Oscillator

Hamiltonian: H_-74+U = %mjﬁ i %muﬂ
Equations of motion, with action:
= —w’x
z(t) = V2J cos(wt + @) .
t(t) = —v2Jwsin(wt + ¢ X(-I:)/LU

4 (2/w)? =2J

Phase-space diagram: 6//% 75{? X L+)

JE H
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Linear Focusing

We can solve the | i2/+K(@s)x=01108s e

0 S
($0 cosh(\/|K|s) + \/ml{)?l sinh(1/|K|s), K <0
$(8)=<$0—|—$’08, K =0
 Zo cos(VKs) + jé’f sin(vVKs), K >0

3£ Fermilab
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Transfer Matrices

(2 cosh(/[K]s) + jﬁ?lsinh(\/|K|8), K <0
33(3):<:L'0—|—:U08 K=0
| Zo cos(VKs) + in(vVKs), K >0

o~

The final position and slope is a linear combination of the initial
position and initial slope. We can use matrices:

k() -On i) ()

JE H
3¢ Fermilab
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Example: FODO Cell

QF/2 D Qb D QF/2

i

FODO cell

(4 DG GG

LY L,
M( 1— % 2L1(1+2f))

L2
3f)  1-ap

The transfer matrix for a sequence of elements can be obtained by
multiplying the matrices for the components.

This is good for tracking particles, but how can we make sense of
what is happening to the beam as a whole?

3£ Fermilab
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Horizontal and Vertical Motion

Horizontally focusing quadrupoles are vertically defocusing.
Horizontally defocusing quadrupoes are vertically focusing.

, 1 O 1 0
1me:(_l 1),thenMy:(l 1)

7 i
In general the combined effect can be written as a 4x4 matrix:
T 1 0[/0 0 0
3;’1 B —% 110 O 936
U1 0O 01 O Yo
vi 0 0|5 1 v

When there are skew quads (quads rotated 45 degrees) or
magnets with longitudinal magnetic fields (like solenoids),
Those off-diagonal blocks might be nonzero.

3£ Fermilab
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Solenoid Field

In the body of a solenoid we have: k=

sin(kL)

B

Bp

1—cos(kL)

k

sin(kL)

I 1 I

zi | | 0  cos(kL)
U _ 0 —_ l—col:(kL)
Y1 0 -sin(kL)
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Solving Hil Il 0¢logde methtod) on ( vi a

Hi | | 6s EtjHE($)d=o0M :

If we write: 2(s) = /2J.8:(s) cos[dg(s)]

s) = | 2 sinfé,(8)] + . (s) cos[d, (s
(5) = | s | sinfon(9)] + o (s) cosfo ()

This is a solution if we also require that:

(S )———B (s)

B:c z)
! — S S) — ! 052 S
. (s) = K(s)Bx(s) B.(s) 1+ ag(s)]

JE H
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Amplitude & Beta function

2(s) = /20, B () coslgg + A, (s)

J, U, specific to one particle, independent of accelerator location.
b, p U, same all particles, depends on accelerator location.

’somolo trajectory

cell length

J€ :
3¢ Fermilab
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Amplitude & Beta function

2(s) = /20, B () coslgg + A, (s)

RMS Beam size:  ¢,(s) = v/€rmsBaz(5)

3 Ecs)=VZ B ()
x [rmm])

2

: ‘/m

o ) i ——
— s
-4

—33 Teilchenbahn

Enveloppe

2% Fermilab
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Transverse Phase -space

2(s) = /20, 8.(s) cosloa(s)]  2'(s) = 69@(8)[sin[aﬁx(s)]+az(s)cos[¢x(s)]

JE H
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Betatron Motion

sample trajectory

cell length

X % %
X X X
X' %
X X

Bartolini

J€ :
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Normalized Coordinates

"(s) = 2 sin S . (S) cos S
VT osio sl 6= | s inlon (0] + (5 coslon 6]

% % Ax’

X X
We can Anormali zeo t—6 ‘|)* t
by a scale-skew transformation:
(£)-(% &) () -
p— 1 /

€T
VBz Bz normallzatlon

X(t) /i

1
X = \/Ex = \/ECOS[C%(S)] x&t)
P, = \/Eer By’ = —+/2J, sin[¢g(s)]

3£ Fermilab
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Betatron Oscillation

Using these continuous forms of motion:

(s) = (| 22 sinf[¢,(8)] + . (8) cos[d, (s
() = VI B conlou()] 1) = | 2y sl (6)] + () cosn ()]

Relating this to the matrices, see any general transfer matrix can
be parameterized and decomposed:

Msslsy) \/ % (cos AD + o sin AD) V3182 sin AP
S2(51) =
_14?7115; 2 gin A® + alﬁ%/l;;j cos AD %(COS AP — assin AD)

—1

_(\/E ?)(COSA(I) sinAé[))(\/E (1))
V5 VR

—sin A® cos AP \‘/)% 75

An inverse transformation, a rotation, and transformation.

J€ :
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Courant -Snyder (TWISS) Parameters

The transfer matrix for a general transfer matrix:

&(COS AP + o sin AD) vV B1 2 8in A®
M (s2|s1) = = o _ E '
_[‘;“7 117“22 sin A® + % cos AP s (Cos A® — az sin AP)

Transfer matrix for an entire ring, impose b, = b,, U, = U,:

cos ® + asin ® A3 sin @ Oéa;=7x
—y sin ¢ cos® — asin ® 1+a?

xZ

Mes) =

"}/_
’ B

These U, b are known as Courant-Snyder or TWISS parameters. We can
think of them either as parameterization of the transfer matrix or as
functi ons which solve the Hill 6s eq

3£ Fermilab
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Courant -Snyder (TWISS) Parameters

The transfer matrix for an entire ring

cos® + asind
— sin ®

Mes) =

Bsin ¢
cos® — asin®

For example, we can calculate TWISS for a repeating FODO ring:

40

QF/2

[

D Qb D QF/2

| D Qb __ D QIF:“
| l I_[l
| || |

FODO, first pass

Vs = ( - a1+ f)

J. Eldred Transverse Dynamics Accelerators

FODO, second pass

H.

cos P = §TT(M) =1-L?/2f

_@L)A+L2) 4y

sin ¢

B

2= Fermilab
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Question T Where is this the beta function for?

QF/2 D QD D QF/2 o L O Ly (101 L 10
1 ‘ w ()6 )00y
S | S M_( - g %1(1;5—;))

FODO cell —apl-gp) -
QD/2 D QF D QD/2 yo( P OY(1 L L 0N/1 L L0
—F (5 0) G )06 )0 )

e -3k 2Ll Qg_})

FODO cell L+l 1-L4
S3 S5, S0 S3
Matrix order: M(so) = M(so|s5) - M(ss|sa) - M(sa|s3) - M(ss|s2) - M(s2|s1) - M(s1]s0)

vs. M(s3) = M(s3|s2) - M(sa|s1) - M(s1]s0) - M(so|s5) - M(s5|s4) - M(S4]s3)

Similarity transform: M (ss) = [M(s3s0)] - M (s0) - [M(s3]s0)] "

JE H
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Computed Calculation of TWISS Plots

—_
*
T

—_
o
T

W
T

Profile Be 8, (M)

0.7
0.6f
0.5
0.4
0.31
0.2
0.1L
0.0L

7, (M)

s (m)
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Stability over many revolutons

The ring transfer matrix at location s;:
-1

VB 0 cos(2mv,)  sin(2wyy) VB 0
M(s1) = o 1 - o 1

~J5 /B —sin(27wv,) cos(27vy) 75 U3
This I s-ttuhe MmMmamp®, the effecty on

travels around the ring, and returns to s;.

The effect of N turns:

e = (M 3O (v e ) (Y %)

The eigenvalues of M are:  e™=, e %=

they must be unimodular reciprocals.

3, or Q,, the betatron tune.

3£ Fermilab
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LHC IP5 TWISS Plot

44

Injection optics
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LHC IP5 TWISS Plot (cont.)
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Collider Optics

In any drift section, the beta function is given by:

B(s) = B [1 ¥ (8 5*8*)2]

where b* is the minimum beta, and s* is the location of that
minimum. Interaction points (IPs) are typically placed in drifts with
the beam tightly focused to a minimum value in both planes and
from a large beta value on both sides.

K /
BBLR _— | || > BBLR
\N ’/

BBLR =1 ] BBLR
— 1" T

Horz: Qp Qr Qp Qp Qr Qp
Vert: Qg Qp Qf Qr Qp QF
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Collimators and Phase-Advance

J€ H
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Two Beam Position Monitor Measurement

The correlation between X; and X,, can be used to see the
betatron phase advance between those points.

4

_ 2
sphit .
w U, —U_- w A = 0
O S0 3% z
=
]
z(5) = \/2J,Bx(s) cos[py(5)] bt —2

2J, | .
/(5) = [ s | sinfon(9)] + (o) cosfo (o)
B (s)
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Machine Protection through Collimation

49

cold
aperture

primary
beam halo

circulating

¥ secondary beam halo

principle of multi-stage cleaning

primary secondary shower
collimator  collimator absorbers

.
=
‘__wé
tertiary
+ hadros

+ hadronic showers

beam halo
ic showers

tertiary SC
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Betatron Phase Advance

$(8) -V 2/8117!]3: COS(C,%)

bols2) = 62(50) = A, = | e
aperture
%
/2
kick 2%

\ 7
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xr = —

2],
Pe

[Sin((p;c) + Oy COS(%)]

Kick amplitude after ° /2:

2J
xh = A = a
! 1 /8331
J:c — _BmlAgz
2
L2 = v/ 26&32*]:(: — V BwlBaﬁAe
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Off-Momentum Particles
& Sextupole Magnets
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Dispersion

Po

/ﬁﬁpowp
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5 = P —DPo
Po
Dispersion:
1
D" + K.(s)D = p

x(s) = \/ 2Bz Jz cos(¢ps) + D6

Spot Size:
O-;?:,'rms — ﬁ:L‘ET‘mS + D252
2% Fermilab
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Chromaticity

Change in tune with momentum: Chromaticity:
o+ (Ky + AK8)xs =0 0wy _ Q. . = ! /Cﬁ AK, ,(s)d
(8 T T o T ac [ - i 'T"ﬂ b é
1 : 06 Y 4 o TTYTTY

' - fAp/p<0)

| f(Ap/p=0)
f(Ap/p=>0)

1
™
1
1
1
1
1
1
1
™
1
1
1

J€ :
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Sextupoles & Chromaticity Correction

Dispersion is position
offset dependence on
momentum.

De-focusing lens Focusing lens

Chromaticity is tune
dependence on
momentum.

Sextupoles provide tune-
shift depending on
position offset.

Beam pipe
1 C
@y = 1 /0 Boy [AKy (5) + S(5) Dy (S)] ds
0?B,(s) 1
S(s) = 0x? Bp
2= Fermilab
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Average Lattice Parameter s

For a typical FODO -like lattice we can estimate some parameters

Natural Chromaticity: Q. ~ —Qu
Average Betas: Bey,ave = R/ Qs y
Average Dispersion: D, ... ~ R/Q?
Transition gamma: Y & Q,

where R = C/(2n)

QF/2 D QD D QF D QDb D QF/2
oy s L e | e
FODO, first pass FODO, second pass
1
-z QL(H%) cos® =~ Tr(M)=1—L?/2f
M(so)=| | 1_£) L _ 20(1+L/2f)
2f2 2f 2f /Ba:,y — sin P

JE H
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IMCC EU Muon Collider Parameters

J. Eldred Transverse Dynamics Accelerators

Full list of parameters here (2023 EU): here
Parameter Symbol unit Stage 1 | Stage 2
Centre-of-mass energy E., TeV 3 10
Target integrated luminosity f Liarget ab™! 1 10
Target luminosity (5 years) Liarget,s 10%4em—251 1.8 20
Target Luminosity (10 years) Liarget,10 10%4em 2571 1 10
Estimated luminosity Lestimated | 103%cm™2s71 2.1 21
Collider circumference Ceoll km 4.5 10
Collider arc peak field Bare T 11 16
Luminosity lifetime Niurn turns 1039 1558
Muons/bunch N 1012 2.2 1.8
Repetition rate fr Hz 5 5
Beam power P MW 5.3 14.4
RMS longitudinal emittance el eVs 0.025 0.025
Norm. RMS transverse emittance €1 um 25 25
IP bunch length o mm 5 L.5
IP betafunction I} mm 5 1.5
IP beam size o um 3 0.9
Protons on target/bunch N, 10 5 5
Protons energy on target E, GeV 5 5
BS photons Npso per muon 0.075 0.2
BS photon energy EBs.o MeV 0.016 1.6
BS loss/lifetime (2 IP) EBs tot GeV 0.002 1.0
8/4/2025

2= Fermilab


https://indico.cern.ch/event/1313021/contributions/5623393/attachments/2744752/4775555/IMCC_parameters_EU.pdf
https://indico.cern.ch/event/1313021/contributions/5623393/attachments/2744752/4775555/IMCC_parameters_EU.pdf

Summary

The linear transverse dynamics of a particle accelerator are governed by
Hi | | 0s ,Ehchiad time\arying harmonic oscillator.

We calculate the trajectory of individual particles through the many
iIndividual magnets of a particle accelerator using transfer matrices.

Transfer matrices are also used for the beam size and oscillation phase,
which are represented by Courant-Snyder parameters.

There are chromatic effects, resonances, and space-charge effects that
complicate the process of designing and operating a particle accelerator.

Some backup slides on longitudinal dynamics.
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Betatron Resonances
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Discrete Sampling

Depending on the ratio between betatron frequency the revolution
frequency, the phase of oscillation with each passage of the beam

may fall under regular patterns.

E(s)=<VE B(s)

o —
- S
_2<
—3; Teilchenbahn XL+)
]

Enveloppe

1 [SotC 1
—% S0 Bw(S)

Betatron Tune: v ds’

2= Fermilab
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Betatron Tunhe Resonance

Perturbation will accumulate if tune is a fraction corresponding to
the symmetry of the applied fields.

Dipole -Integer Resonace : Quadrupole Resonace:
T

—l—

_—
‘__,_.\._ =

- - -
- -~

- .
S . - g,
r

o Particle orbit b

¥~

] e .
| Central orbit
\

e ——

24

},=half —integer

JE H
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Tune Diagrams (by magnet -type)

resonance conditions
—— octupole

——- skew sextupole
—— sextupole

== skew quadrupole
- quadrupole
m— dipole

The tune is carefully picked to
avoid resonances.

O The tune for the beam occupies
\‘1< a finite space:
™
M| - space-charge tune spread.

. 0.0 CI.IE D.I-‘-l . . Cl.lﬁ D.IB 1.0 .
Horizontal Betatron Tune vy - honlinear mag nets.

Vertical Betatron Tune vy

- chromaticity.
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Every Magnet Contributes to the Resonance

Examples of resonance calculations:
Guipote 5 [ [Bu(5) B3 (5)e7%)] ds
GQ’uad O(/ Kw,y(s)ﬁx,’y(S)e2i¢$’y(8)] ds

G3.0 oc/ -Sm(s)ﬁg/z(s)e%%(s)} ds

Griza x [ [Su(s)3Y2(9)8, (s)e (520,

The magnetic multipole, multiplied by a corresponding amplitude and phase.

Generically, there will be many resonances and the lowest order resonances
will be the strongest.

However, by carefully designing the overall accelerator structure with
symmetries, many resonances can be cancelled simultaneously.

3£ Fermilab
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Tune Diagrams (by magnet -type)

] N I 7
\\1 1 K i’
1.0 1

Vertical Betatron Tune vy,

Y
VN

- T I T T
0.0 0.2 0.4 0.6 0.8 1.0
Horizontal Betatron Tune v,
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resonance conditions

octupole

skew sextupole
sextupole

skew quadrupole
guadrupole
dipole

Sextupole configuration
without resonances

Two families of sextupoles:

f— f—
ki

™ =
- L
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Phase-space Distortions
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Nonlinear Decoherence

Injection errors,
Instabilities, and
sudden lattice changes
may cause a phase-
space mismatch.

Tune spread causes
the beam to fill-out
along the phase-space
contours.

aF Fermilab
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Space-charge
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Transverse Interaction of Co -Moving Charges

Electric Repulsion: Magnetic Attraction:

I

\\M//, P
~etWo- [[hY-

Weakened Repulsion with Acceleration:

E—;J_:")/Ej_
ELC:B(QXEL)
—

® - . )
¢ 5 — FJ_:(J(E—F’UXB)J_
P —_— -~ ﬁLZQ(l—Bz)EL:%EL

—
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Space-charge Core vs Tall

Transverse space-charge forces much

stronger than longitudinal space-charge.

Transverse and Longitudinal charge
distribution can be written as separable

functions: o 4. 2) = A(2)pL (2, )

Gaussian cylinder for a lineharge:
.5

MT Cylindrical Gaussian surface
M(—lj

Infinite
cylindrical
charge A = charge per unit length
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Relativistic Distortion of EM Fields
Iy Ditafjoss

For r< R For r 2R
E=_M =+
2me, R’ 2WE,
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Space-charge Core vs Tall

' 1
: ) Focusing quads 5 4 -
Without space charge: //7 Defocusing quads R :‘* _".‘
(TR - s
Particle - ST
orbit ; 3
1 - e
:-{ A
- 1."
CLLLE UL OE L R ELEECEERRET R il T
oot .,
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With space charge:

Beam envelope

Particle
orbit
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electric field
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Tune Diagrams
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